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THE WKB
APPROXIMATION

The WKB (Wentzel, Kramers, Brillouin)' method is a technique for obtaining ap-
proximate solutions to the time-independent Schrédinger equation in one dimension
(the same basic idea can be applied to many other differential equations, and to the
radial part of the Schrodinger equation in three dimensions). It is particularly useful
in calculating bound-state energies and tunneling rates through potential barriers.

The essential idea is as follows: Imagine a particle of energy £ moving through
a region where the potential V¥ (x) is constant. If E > V', the wave function is of the
form

Yix) = 4e“Y,  with k= 2m(E —V)/h.

The plus sign indicates that the particle is traveling to the right, and the minus sign
means it is going to the left (the general solution, of course, is a linear combination
of the two). The wave function is oscillatory, with constant wavelength A = 27 /k
and constant amplitude 4. Now suppose that ¥ (x) is nof constant, but varies rather
slowly in comparison to A, so that over a region containing many full wavelengths
the potential is essentially constant. Then it is reasonable to suppose that ¥ remains
practically sinusoidal, except that the wavelength and the amplitude change slowly
with x. This is the inspiration behind the WKB approximation. In effect, it identi-
fies two different levels of x-dependence: rapid oscillations, modulated by gradual
variation in amplitude and wavelength.

By the same token, if E < F (and V' is constant), then y is exponential:

Yix) = Ae™*,  with & =/2m(V — E)/h.

And if ¥ {x) is not constant, but varies slowly in comparison with 1 /i, the solution
remains practically exponential, except that 4 and k are now slowly varying functions
of x,

Now, there is one place where this whole program is bound to fail, and that is
in the immediate vicinity of a classical turning point, where E 2 }'. For here A (or
1/k) goes to infinity, and V' (x) can hardly be said to vary “slowly” in comparison.
As we shall see, a proper handling of the turming points is the most difficult aspect
of the WKB approximation, though the final results are simple to state and easy to
implement.
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THE “CLASSICAL” REGION

The Schridinger equation,

Ry
2m dx?

+ Fixn = Evfr,

can be rewritten in the following way:

d? p?
a2 _Efffﬁ [8.1]
where
p(x) =2mlE — V(x)] [8.2]

is the classical formula for the momentum of a particle with total energy £ and
potential energy ¥ (x). For the moment, I'll assume that £ > ¥ (x), so that p(x) is
real; we call this the “classical”™ region, for obvious reasons—<lassically the particle
is confined to this range of x (see Figure 8.1). In general, v is some complex function;
we can express it in terms of its amplitude, A (x), and its phase, ¢ (x )—both of which
are real:

Wix) = A(x)e'®™), [8.3]
Using a prime to denote the derivative with respect to x, we find

d _
av _ (A" +iAgHe,
dx

Using a prime to denote the derivative with respect to x, we find

d |
av _ (A" +iAphHe'®,
dx

and
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Turning points

Classical region

Figure 8.1: <Classically, the particle is confined to the region where E = ¥ ({x).
A2y
dx?

Putting this into Equation 8.1,

— [ A" 4 2P + PAdp” — AP [8.4]

2
A 42 AP +iAP” — AP = —":—2,4_ [8.5]

This is equivalent to two real equations, one for the real part and one for the imaginary
part:

1— e
A" — AP = —gfi. or A" = A Lw’)z — K:l, [8.6]

and
24'¢" + Ap” =0, or (4%¢) =0. (8.7]
Equations 8.6 and 8.7 are entirely equivalent to the original Schrodinger equa-
tion. The second one is casily solved:

A2’ =C?, or A= [8.8]
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where C is a (real) constant. The first one (Equation 8.6) cannot be solved in general—
so here comes the approximation: We assume that the amplitude A varies slowly, so
that the A4” term is negligible. (More precisely, we assume that 4”/4 is much less
than both (¢)? and p?/A%.) In that case we can drop the left side of Equation 8.6.
and we are left with

ne _ P dp _ . P
(qu_ﬁ?' or dx_:l:ﬁ'
¢<x:~=i%fp{x}dx. (8.9)

(I'll write this as an indefinite integral, for now—any constant of integration can be
absorbed into C, which thereby becomes complex.) It follows, then, that

v = ?r%”i* foords, [8.10]

and the general (approximate) solution will be a linear combination of two such terms,
one with each sign.

Notice that
Ic?
pix)y’
which says that the probability of finding the particle at point x is inversely pro-
portional to its (classical) momentum {and hence its velocity) at that point. This is
exactly what you would expect—the particle doesn’t spend long in the places where
it is moving rapidly, so the probability of getting caught there is small. In fact, the
WEKB approximation is sometimes derived by starting with this “‘semiclassical™ ob-
servation, instead of by dropping the 4" term in the differential equation. The latter
approach is cleaner mathematically, but the former offers a more plausible physical
rationale.

lyr(x))® = [8.11]
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